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Explicit stable reduction

⒗all Rerem. R DVR w/ K =Frac(R). 4 =Spec(R), 4* =SpecCK).

(C*-4*, s,F, ..., sn) -pointed stable core of
genus g.

=>Efinite cover D'-4 of DVRs

&(C-, , ..

., sn') familyof a-pointed stable curves

of
genus, thatextends C**** ** -'*.

Construction:A reduce to case when CA+** smooth

I find a flat extension C +

2 resolution of singularities +C sit. (Colred nodal
-

Spec R -Spec R 3 take deg on ramified base extension 4'+

1 + 1+2)
so that(CXxDynored and modal

when R =1[t]
,t) Jassuming char 0)

4take minimal model (min ->C then stabilize

(contractall rational tails and bridges)

In explicitcomputation, the biggestchallenge is the computation

of the (CXx4're in Step 3.



Strategy Break the extension to prime degree ones!

&p. 2 - 4generically smooth, proper, flatfamily sit. (Colved model.

Let Co =2a,Pi, 4' +4 degree p (prime) extension,

c
=cxx,=yna.

Then Y -C is a branched cover ramified over 2 Di-
pai

=>stable reduction of Azk+1 - singularity) (char of

C -As where C:y2 =x2*+t. Stable limit as + -0?

Already have smooth generic fiber & a flat limit - start atStep 2.

>r2 Find resolution of singularities -C sit. (dolred medal.

We will repeatedlyblow-up the (reduced) singular pointin central fiber.

Notation

E
Old coordinates:x2, Y E

Chart #1:5 =x,y =Y/x-

New coordinates:i, Y Chart #2: 5 =

y, y
=

y

(5)
Coriginal central fiber)

blow-up 4
Blow-up #1

13 Chart #1:y2-se2* =S*(Y*-i
El



blow-up

(3)
Blow -

up
#2

Ez

Chart #1:ciy-c-) =*(52-i*)

Chart #2: c(y2-x
-) =244(1 - *443)

WW

blow-up E, Ez

!

blaw-up
Ei

Blow-up #k

/gete Chart #1:se2-2(y2- x3) =a
↓

21s normalization of the

blow-up original central fiber

Es

Blow-up #k+1

Chart #2: sily- x) =(o

blow-uplit..e #k+2

EIare I Chart #1: xy2k+1(y -x) =4+22
Ez

4 (central fiber) =2 +(4k+2)G +(2k+1) F +ZiE



ersTate atCCY 4ynor is reduced adat

By drop, C'E C defined bythe base change - 1 +24t

is ramified over 20+ EE.

x(F)**F unranified. -> x(F) =F,W ... WEekts (Fism rat's curves)E
G=x

-(G)*GEIP' ramified over 2 pts

RH ↳ w/ ramification indexes 2k+1.

2g(G) - 2 =(2x+1)(s((P) -2) +deg R = -2

=>g(G) =0.

Over 4. (central fiber) =(2x+1) [. +(4k+2)G
+(2k+1)Fi +(2x+1)2iE:

Over 4, Central fiber),o
+ 2G' +EF, +E2iE

[cat'd] *
e

I-
Next, base change by -1 +2 and normalize.

New surface is a 2:1 cover rarified over 20+ IF.

H =x(G)GEIP' ramified over 2k+2 pts.

=>It is a hyperelliptic curve of
genus I.



[cat'd]
-

,
wah

/I a
=

4Stabilize (contractrational tails)

-*I I
stable limit =nodal union ofto (nor of original

central fiber) and some hyperelliptic
curve w/ genus k H

More details and info:[HM] Model of curves, Chapter 3. [



Uniqueness of stable limit

p. R DVR w/ K =Frac(R). 4 =Spec (R), 4* =Spec(K).

(C +4,0.,..;on),(D +x, r, .. . , mn) families of n-pointed stable curves.

c*: C* -D*isomorphism over 4* w/ r
*
=9F.0*.

=>E:a:CED that extends a* & ri =a 02-

P1. (for simplicity, assume n =0)

bitFourt
3 -C, D -D minimal resolutions.

n -
T =ExxxD*-3 xx5)

C D Cid,a*)

↓
Sun proj

↓
smpry (2 x

x5

C

-↓
I -I minimal resolution.

=>T(C, wEY)=P(I, wER) = T(5, we) (Yzd
(of. Hartshone 1. 8, 19)

Since C, D are stable models of , B,

C =Praj (I, we
112

D =Proj T (5, w,(
#

What gin is proper

· By Keel-Mori, Ecoarse modull space Etu to Msin
proper also space



Gluing morphisms

No. Ecanonicalfinitemorphisms ofas
ares

Her. e!
CC, p., ---,pn) Cpi. --- prl (CUC/parpai Pi, Pan, pis--Prt)

(b) s-1.n- son-2
Prt!

-ter"of
(C, p., ---,pu) (C/pn-- pn, -,Pr-z)

PE. (for simplicity, assume (a) n
=

m
=1(b) n =2)

Idea:use pushouts!

(a) (2 =s, 0), ('*s', o') two families of 1-pointed
stable curves.

SC Nerd to show E-S is a modal family
↓ of curves sit, all

geometric fibers are stable.
2 -Y

etale

locally C Is GS:qo(s)
smooth

portin e

6'(s) 1 T

SpeiAT Sternet
Alys E Spec AM]/e



=>E -S is tale locally Spec AEY]/(my) ->Spec A

and hence a modal family of curves.

Lastly, Es =nodal union of ts & E'swhich is stable.

(b) (t -5,0,,02) 2-pted family of stable curves.

aW02

SWS-e

↓ =>Similarly, its is tale locally
s -

Spec
AZ, 73/(y2-x(x+1) -Spec A.

Boundary divisors of My

So =In (s-12- ats)
=>indeed divisors!

8
= In (5x5,-,-(g)(1 = = =[])
Fat 8 =So U... U8I5] is normal

crossing.



Forgetful morphisms

top.
I
canonical morphism of algo stacks isin- s,n-

IC, p., ..., pe)

HatPipe....
the

,--

·*I
Def. (universal familyUg.n-gr)

Objects of Usin over S =families of a-pointed stable curves

12-S, , . .

. on) w/ section

Onti:S+2. (no condition an Ontil

(Universal property?) *(t +5,0.,--, on) family of nupted stable curves:

2 ----Us,n

↓ I ↓
S-.*"-sin

zen

alson - User ((e-S, a, ..., on, onti) ((ess, a, --- act), oil)
where x: 2+ est, o =

100;

Easy to check gints ->Usin
a Eat. snt -> Ugon is an iso.

-> in (Knubsen, Projectivity ()


